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Modifying slightly Kubo’s formulation of perturbation theory to take care of the fact
that generalized susceptibility may not be zero at infinite frequency, we establish, in
the classical limit, a general relation between covariance and generalized susceptibility.
The relation is then applied to evaluate the covariances of the magnetic flux, currents,
and magnetization of a superconducting cylinder. Expressions for the spectra of
magnetic flux and magnetization are also obtained.
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1. INTRODUCTION

One of the developments in the theory of irreversible processes is the expression
in closed form of generalized susceptibilities in terms of the correlation functions.®
After calculating (e. g., by the help of the Greens function technique) the correlation
functions microscopically, we arrive at an expression for the generalized susceptibility
(or complex admittance) to a mechanical perturbation such as a magnetic or electric
field. Modern physics is full of such instances. Sometimes, it is more convenient,
however, to evaluate the generalized susceptibilities and then express the correlations
in terms of these susceptibilities. The case of a superconducting cylinder is such an
example. Due to the existence of boundaries, it is rather mathematically involved to
evaluate the time correlation functions microscopically. With some simplifying
assumptions, it is, however, straightforward to derive explicit expressions for
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the generalized susceptibilities. Then, variances and covariances can be obtained
with the aid of the relations that connect them to generalized susceptibilities,

The fluctuation-dissipation theorem® provides a well-known contact between
the generalized susceptibility of a quantity and its spectrum. Between generalized
susceptibility and the cross-spectrum of two quantities, an analogously simple
relationship cannot always be established. We need to know in more detail about
the time reversibility of the quantities involved. In Section 2, however, by modifying
slightly Kubo’s formalism to take care of the fact that op,(c0) 5= 0, we establish,
in the classical limit, a general relation between the generalized susceptibility, op (w),
and the cross-spectrum of 4 and B. When w = 0, a particularly simple relation
between the generalized susceptibility and the covariance of 4 and B can be derived.
This relation is utilized in Section 3 to evaluate covariances of the magnetic flux,
currents, and magnetization of a superconducting cylinder. In Section 4, we employ
the fluctuation-dissipation theorem to evaluate the spectra of magnetic flux -and
magnetization. The main cause of fluctuation lies in the random scattering of excita-
tions (normal electrons) by lattices and impurities in the superconductors. Although
the average of the current carried by the normal electrons in the absence of a time-
dependent field is zero, this normal component of current fluctuates about its average
value. Such fluctuations, in turn, give rise to fluctuations in the magnetic flux and
in the component of the current carried by the Cooper pairs.

Vant-Hull ef al.® have measured the fluctuation of magnetic flux in a tin rod.
The variation of the standard deviation of magnetic flux (rms value of the magnetic
noise) with temperature is shown in Fig. 1. The solid curve is plotted according to the
theoretical expression (30a) in Section 3. According to this expression, the thermal,
magnetic noise does not disappear when the metal becomes superconducting. With
the dimensions of the tin rod used in the experiment (10 cm x 0.47 cm diameter),
we expect the standard deviation to drop more than an order of magnitude from its
normal-state value as the order of (T, — T)/T, becomes greater than 10-°. While there
is no contradiction between our theory and the experiment, more accurate data
are needed to decide whether our theory is an adequate one to describe the magnetic
fluctuations in superconducting cylinders. We hope that the present work can stimulate
more efforts in this direction. As pointed out by Vant-Hull ef al.,®® the existence
of thermal magnetic noise has serious implications in the design of magnetic shielding
and for magnetometry in the submicrogauss regime; better understanding about the
thermal magnetic fluctuations is therefore important.

2. CORRELATION AND GENERALIZED SUSCEPTIBILITY

Kubo has introduced a very convenient formalism connecting time correlation
function and generalized susceptibility «p,(w). In the case lim, ., xg4(w) = 0, his
formalism, however, needs to be slightly modified. We keep to linear approximation.
An operator for a physical quantity & in the presence of an external force F(¢) can
then be written, in general, in the form?

? For example, the current density in an infinite medium in the presence of an external field is
i@, 1) = j(r, ) + (/md) ¥, DT, DA, 1)
where § = (e/im)[ PV — (VFHP]. In this case, X = (e}/mc)P(r, )*¥(r, 1), and % is set to be 1.
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B =B+ YF©) ¢y

where B and } are operators that do not involve F() explicitly. Suppose the pertur-
bation energy can be written as #”(¢) = —AF(t). The linear response is observed
through the change 4B(¢), which can be expressed as‘V

t
AB(t) = f bpat — t')F(t)) dt’
where the aftereffect function ¢5,(r — ¢') differs from Kubo’s,

$pat) = Ppalt) + 2Y8(t) 2

$5 (1) is Kubo’s aftereffect function,® defined by

$a(t) = <[4, BO)] 3
24 8B(t) 0A OB(t .
=N s (Classical)
= —i[AB@)]. = —i[AB@) — B(7) 4] (Quantal)

The generalized susceptibility «, (w) is given by
= lim ’ 1) e~ iwtd? gy
ag4(w) i fo QSBA( )
= Gpa(w) + <> C))
where & {(w) is defined by

pa(w) = lim [ Baale) st dt )

In the case ¢p,(t) possesses no delta-function at z = 0 and is almost piecewise
continuous (see, e.g., Le Page®) for ¢t > 0, lim, ., & 4(w) = 0. In such cases,®

}ng apgw) = I (6)
or

apq(w) — apy(0) = laig)l J:O 9{:3/1(1‘) o~ iwtd)t Jr %)

In the classical limit,™®

$pa(t) = —PBLAB(t))

3 For example, for systems with localized electromagnetic response, j (r) = —Q(w)A(r), where
—Q(w) is the generalized susceptibility, and lime,.o Q(w) = ne¥mc? = —{X>. (See the appendix.)
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where B8 = 1/k,T. As (AB(t)) is expected to be a continuous function, ¢, (¢) does

not possess any delta-function characteristic. We shall keep to classical limit.
Equation (7) can be written in the form

op4(@) — apa(o0) = lim JT 0(t) $ua(t) e-iet-o1tl dy

where 0(¢) is a step function,

8(t) — 3(1) ;ig ®)
Putting 6(¢) in an integral form, and changing the order of integration, we have
—i dw’
tpa(e) = o a(00) = lim 5 [ o [ 1) exp(—iwn)]
= —pf s — B sp) ©)
where Sp ,(w) is the cross-spectrum of 4 and B, defined by
Sna(@) = [ <AB@) et ds (10)

The second equality in (9) follows from the relation®
[ d) et dt = —ifw j CAB(1)) et dt

This is the general, but rather involved, relationship between suceptibility and the
cross-spectrum of two quantities. In case Sp,(w) is real, we have®

Spa(w) = —kpT X 2[Im{op (@)}]/w (11

We have used the fact that Im{op,(w)} is an odd function of frequency and
therefore vanishes at w = . When 4 = B, Sy () is always real and we have the
familiar fluctation-dissipation theorem. Eqation (11) is in general much simpler
than (9), as it does not involve the principal value of an integral of the cross-spectrum.
In general, however, Sy, is not real* and (11) is not true. Nevertheless, some simple
and general relationship can be established between generalized susceptibility and
covariance. From (9), putting @ = 0, we obtain

450) ~ () = B [ do’ Sy ()/27]

* For example, in the case B = dA/dt, Sps(w) is pure imaginary.
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This follows from the fact that Sp {(w) has no pole at w == 0. Therefore, we obtain
Cov(4, B) = kzTlag.(0) — ap,(c0)] (12)

In the particular case A = B, cov(d, B) becomes the variance of 4.%7 To arrive
at 12, we have implicitly assumed lim;. <{4AB(f)> = {A>{B>. As pointed out by
Kubo,? this need not be the case unless the degrees of freedom associated with the
observed quantities 4 and B are much smaller than those of the total system. In
Sections 3 and 4, where Eq. (12) is going to be applied, we can assume that a heat
reservoir has also been included in the unperturbed system. In this way, we ensure the
validity of the relation lim;». . AB(t)) = {A>{B).

In order to obtain (12), we only made use of the continuity of {AB(t)>. However,
we can mention in passing that, should (AB(¢)> possess a delta-function at t = 0
[i.e., <AB@)Y = (X D8(¢) + f(2)], it produces no additional mathematical difficulty.
Equation (12) is simply modified to

#(0) — ofw) = BLAB0.)) — <{AXB) (13)

In this hypothetical case, «(o0) is equal to ((X;> + {X) instead of <X>.

3. FLUCTUATIONS IN SUPERCONDUCTING CYLINDER

3.1. Magnetic Flux

To avoid mathematical complications, we limit ourselves to superconductors
where the electromagnetic response is localized.'® Pure Type I superconductors
near the critical temperature, pure Type I superconductors, and dirty superconductors
fall in this category.® In the case of Type Il superconductors, the average magnetic
field is limited to values much smaller than the lower critical field® H, so as to
avoid the spatially inhomogeneous vertex state (or Schubnikov phase). In such a case,
the current density and the vector potential are related by®-1t

jo(®) = —Q(w) Ar) (14)

where j,(r) and A,(r) are respectively the Fourier transform of the response of the
current density, dj(r, ), and the Fourier transform of the response of the vector
potential, 4A(r, 1), with 4A(r, 1) = [A(r, t) — A@)] and 4j(r, 1) = [j(, £) — j(©)].
Here, A(r, ) and j(r, #) are respectively the average of the vector potential operator
and the average of the current density operator in the presence of an external time-
dependent magnetic field, A(r) and j(r) are the averages of these operators when
there is no time-dependent external magnetic field, and Q(w) is a function of w.
In this section, we only need the value of Q(w) at w = 0 and w = w. At w = 0,
for superconductors with localized electromagnetic response, (4w/c) Q(w) is usuvally
expressed as

(4m/c) Q0) = A7 (15)
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where A, is the London penetration depth at temperature 7. At w = o0, it is shown

in the appendix that
lim (47/c) O(w) = 1/2* (16)

where A = A (0) = [mc?*/4mne?]'/? and A,(0) is the London penetration depth at
zero temperature, with » the total electron density.

Consider a long cylinder with width 4, outer radius b, inner radius g, and length %
(£ > b). There is no assumption about the values of a, b, and d except that we can
assume the magnitude of the order parameter, and hence superconducting electron
density, to be spatially constant. This assumption is reasonable as long as &(T) is
greater than the smaller of A(7T) or the width d, where £(T) is the coherence length®®
at temperature 7. Within the coherence length, we can assume the density to be
constant. For Type I superconductors, it is always true that &) > AT). For Type 11
superconductor, we have to satisfy &(T") > d [or &T") > b for a solid cylinder).

A homogeneous, external magnetic field is placed parallel to the axis of the
cylinder. We assume that the external field consists of two parts, a static field H,
and a time-dependent part Hyet»?. With the axis of symmetry as the z axis, we introduce
the cylindrical coordinates (r, 6, z). We use the approximation that the current
only flows in the 8 direction so that the current, vector potential, and other relevant
physical quantities depend only on r. We can then choose a gauge to make the
vector potential A(r) have the form [0, 4(r), 0]. Remembering that A(r) = [0, A(r), 0],
and with the aid of the Maxwell equation

V X V X A(r, t) = (4=/c) i(x, 1) (17)

and the boundary conditions®

[V X AQ, )]s = Hyett + H, (18)
[V X Alr, D)],—0 = (2/a) Aa) (19)
we obtain
Ar) = q7'D(w)™ [Ky(qa) higr) + I(qa) Ki(g)] H, (20)
where
D(w) = I(gb) Ky(ga) — I(qa) Ki(gb) @1
q = [(4m/c) Q(w)I'/? (22)

I, and K, are modified Bessel’s functions of order v. The static®? value A(r)
can be obtained from (17)-(19) by putting H, == 0; i.e.,

A(r) = {(1)27r) — A/ 7@ D)Ko(b/A;) L(r[A) + L(b/As) Ka(r/A)]} Dy
+ (AJ/DNKla/A) L(r/As) + La/As) Ki(r/A)] H (23)
where @, = Ihc/2e is the fluxoid (/ is an integer),® and

D, = I(b/A)) Ky(afAs) — Iy(a/As) Ko(b/As) (24)
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The Fourier component of the total magnetic flux response [DPyt) — D,] of the
system is

D, = 2wbA,(b)
= [2mb/qD(w)][Kx(ga) L(gb) + Ix(qa) Ki(gb)] H, (25)

Consider an external field produced by a current I, in a long solenoid. A long
superconducting cylinder is placed inside the solenoid, coaxial to the external field.
The force acting on the external current I, due to the presence of the cylinder is given
by (1/c)(d/dt)(P, — D), where D, is the total flux in the cylinder. Therefore, the rate
of absorption of energy is given by (Iy/c) d(®; — D,)/dt. The perturbation term®
in the Hamiltonian is then given by 7,(®, — @,)/c. The generalized susceptibility g (W)
is defined as

ag (w) = Dy /(Lofc) (26)
Using Eq. (25), and remembering that H, = 4=l,/%c, ag (w) is given by
ap (w) = [87°b/LqD(w)][Ky(ga) L1(gb) + I(qa) Ki(gb)] @7n

To evaluate the variance of the flux, we have only to calculate ap (0) and ap (00).
Atw =0, g = 1/}, and

O‘Qt(o) = [Swszs/gDs][Kz(a/)\s) Il(b//\s) + Iz(b/)\s) Kl(b//\s)] (283)
where D, is defined by (24). At w = o, ¢ = 1/A, and
o (00) = (876N L D,)[Kx(a/A) L(b/A) + La/A) Ky(b/N)] (28b)

where
D, = Ky(afd) I(b[A) — I(a/}) Ky(b/A) (29)

We notice that o, (00) has the same value whether we are dealing with superconducting
or normal cylinders. The reason for this is that, when fw > 4, the energy gap has
little effect in influencing electromagnetic absorption. Therefore, the superconductor
behaves like a normal conductor at high frequency. In the case where wr, > 1,
the normal metal behaves like a free-electron gas. The same remarks apply to the
generalized susceptibilities of the other quantities we consider later.

It is good approximation®1® to use classical relations for a quantity satisfying
kT > 1/, where T is the time for that quantity to relax to its steady-state value.
For T = 3°K, this condition is satisfied by + > 3 x 10~*2. For a very pure metal,
the momentum relaxation time r, is of order 10~ sec. and the time for the magnetic
flux, currents, etc. to relax to their metastable values are usually longer than =, .
Therefore, for most situations of practical interest, we can use the classical relation
Eq. (12). Even for the cases of dirty, or very thin, cylinders, where 7, is a few orders
smaller than 107 sec, the condition kz7 > 1/7 can still be kept, under proper
considerations. In Section 4, further discussion of relaxation times is given,
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Using Eq. (12), it is straightforward to obtain>®
Var(®,) = Bm°b/L) kpT{(As/D)[KyafAs) LbjAs) + Lya/A;) Ki(b/A,)]

— /DYIKAa/) L(B/A) + Ly(a/A) Ki(b/N] (30)

When T > T,, the cylinder becomes normal. Therefore, A, = co. We have then,
from Eq. (30),

Var(®,) = (87°b/%) ksT{(b/2) — (A/D)[Ky(a/X) Li(B/A) -+ Ixa]X) Ky(b/M)]}

We can see that the variance changes continuously when the metal passes from the
superconducting to the normal phase.

For a solid superconducting cylinder, we put ¢ = 0 in (30), and the variance of
the magnetic flux in the cylinder becomes

_ 8% Ady(bIA) AL(b/Y)
Var(®) = =7 kBT[ TS Io(b//\)] (30a)

® When the fluxoid®® is not zero, the variance Var(®,) is a measure of the fluctuation of the magnetic
flux @, about its metastable value, not about its true equilibrium value. The time needed for, say,
magnetic flux, to relax to its true equilibrium value is equal to the lifetime 7, of the persistent
current. 7, is so very much longer than the time for the magnetic flux to relax back to its metastable
value that, for our purposes, we can assume that the system shall never return to its true equilibrium
values. Thus, we can evaluate Var(®;) as if it is fluctuating about an equilibrium average.

¢ As (19) implies, spatial homogeneity of the field in the hole of the cylinder, (30) is, strictly speaking,
only valid for ¢ < c¢r where = is the relaxation time of @, and ¢ is the velocity of light.
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Fig. 1. Thermal magnetic noise in metal rods.
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The variation of Var(®,) with temperature is plotted in Fig. 1 according to (30a),
with & = 10cm and b = 0.235 cm. With these values, the magnetic noise is the
same for all the solid metal rods in normal phase. For normal metal rods, Var(®,)
is represented in Fig. 1 by a dashed line when the temperature is lower than 3.72°K
and by a solid line when the temperature is greater than 3.72°K. The solid line
represents the magnetic noise in the tin rod, which undergoes a phase transition
at 3.72°K. Near the critical temperature, A/A, is approximated by [2(1 — T/T,)1*/
According to (30a), the thermal fluctuations of magnetic flux do not disappear when
the rod becomes superconducting. However, with the given values of % and b,
Var(®,) drops more than an order of magnitude when (1 — 7/7T,) is greater than 10-5.
Vant-Hull er al.® have measured the thermal magnetic noise of metal rods with the
dimensions given above. While there is no contradiction between our theory and the
experimental data, more accurate measurements are needed to decide whether or
not our theory is adequate to describe the thermal magnetic noise in cylinders.

For a thin cylinder®” such that a > A, > d and ad/2X% > 1, the variance of
the magnetic flux for a superconducting cylinder becomes, near the critical temperature,
where A, > A,

Var(®,) = ckpTL/[1 -+ (Rd[2A2)]

where L is the self-inductance of a thin cylinder: L = 472R%*c.%. In the case of very
thin cylinders® such that a > A, and A > 4,

RA/2\,2

Var(@) = cksTL (T Ramaa i T ka2

For the case a, d > A, , we have

Var(®,) = 872b(A, — ) k;T/.¥
The Fourier component of the total response current [/(rt) — I(r)] is given by
b
I, = —(cq?Z/Am) f A(r) dr
= c{2/g%a*D(w)] — Ljy/c) (31)
Therefore, the covariance is given by Eq. (12), with 4 = &; and B = [,
Cov(l, D)) = (2ck;T]a®)(A?/D;) — (B/Dy)] (32)

For very thin cylinders such that a > A, and d > A, we have

RdJ2),2

Covll, @) = cksT T Ram A - RAAT

Denote the magnetic field in the hollow of the cylinder by H; . For a long cylinder,
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H; can be considered spatially constant. The Fourier transform of [Hi¢) — H]
is given by
Hz‘w = (2/[1) Aw(a)

= [87/a*Lq*D(w))To/c)
Therefore, using Eq. (12) with 4 = &, and B = H,,
Cov(H;, @) = Bu/La®) (A3 D) — (AD)] kT (33)
This expression, in fact, can be obtained from Eg. (32) by aid of the relation
H,, = Hy + (4m/ZLc) 1,
When the cylinder is in the normal phase, the covariance becomes
Cov(H; , D), = Bn/ZLa")[(a*/2) — (N/D)] ksT

The variation of Cov(H;, ®@,)/Cov(H,, D), with temperature is illustrated in Fig. 2
for cases where b/A = 100, a/b = 0.1, 0.5, and 0.9. It is of no special significance
that this particular ratio of 4/A is chosen. It is chosen simply to be specific.

For thin cylinders, Cow(®; , ®,) = Var(®,) = Var(D,) where ©, = »a?H,.

Tr‘—‘r|r“|*{"T‘[1

CoviH &, / Covir, g ),

;
.
4
1
l

Fig. 2. Variation of the covariance of H; and &, with
temperature in hollow, superconducting cylinders.
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3.2. Magnetization

The perturbation term in the Hamiltonian due to the external field can be
written as

#) = —| () Hy(t) d*r = — MH(1) (34)

where m(r) is the magnetic moment of the cylinder at r and M is the total magnetiza-
tion of the system. In the presence of the external magnetic field, Hy(¢) = Hpet?,
a magnetic moment M e*? is established, and M, is given by

b
M, = (= Z)c) f r2J.(r) dr (35)
The generalized susceptibility ay{w) of the magnetic moment is defined by

0‘M(OU) = M,/H,
Hence,

ap(w) = —[6PL/4D(w)lllx(gb) Kyga) — I(qa) Kx(gb)] (36)

For superconducting cylinders, the variance of the magnetic moment is given by (12)
and (36),

Var(M) = (6>L/41{ D3 [1(b/) Ky(a/X) — L(a/d) K3(b/)]}
— DMIB/A) Koa]A) — L(ajA) Ky(b[A)]} ksT @37

where D, is defined by (24) and D, by (29). For a normal metal, oy (0) = 0, and
we have

Var(M) = (b>L[4DYI(b/A) Kyla/A) — Ia/A) Ky(b/N)] ksT
In the case where the cylinder is not hollow,®® we obtain, by putting ¢ = 0,

aylw) = —(b*L/4) 1,(qb)/1)(4b)

The variance of the magnetic moment of the superconducting solid cylinder is given by

var(uy — ZL [ LGN _ LG

o [Zem — nenl o7
In the limit of a thin cylinder, i.e., @ > A, > d and ad/2A% > 1, we have, near the
critical temperature, where A, > A,

R ksT

VarM) = == T3 (Ra2®)

From Eq. (31), [, can be written as

I, = H(Zc/4m}[2/g*a*D(w)] — 1}
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Therefore,
() = (cZ/4m){[2/q*a*D(w)] — 1}
Using Eq. (12) with A = M and B = I, we have
Cov(M, I) = (LckgT2mna®)[(A2/D,) — A3[D,] (38)
Equations (27) and (36); (30) and (37); and (32) and (38) are, in fact, not independent.
Using (17)~(19) and the definition of magnetization (35), it is straightforward to

show that
Dy, = 27wbA (b)) = wb*H, + 47(M|Z) (39)

This is just another form of the well-known relation
B = H -+ 4mm

where B is magnetic flux density, H is magnetic field, and »1 is the magnetization per
unit volume.

Using (39), it is easy to show that (36) can be derived from (27), (37) from (30),
and (38) from (32).

4. SPECTRA AND RELAXATION OF MAGNETIC FLUX
AND MAGNETIZATION

To evaluate the spectra, we are going to use the London two-fluid model,#8-2Y
which is valid for superconductors with localized electromagnetic response. From
the two-fluid model, the current density and the vector potential are related by

J.(r) = —0(w) A,(r) (40)
where

4 1 1 iw
o 99 = RE T T e T )

A, = (mc?f4dmne?)t2, A, = (mc¥4mn,e?)/?
with », the electron density in the excited state, and 7, is the momentum relaxation
time of the normal electrons. We observe that, at w = 0 and w = oo, we obtain (15)

and (16), which have been derived without using the two-fluid model. The low-
frequency (w << k5T, ¢/a)? spectrum of the magnetic flux is given by (11) and (27),

So(w) = —(167°0/ LY ksT|w)
X Im{[1/gD(w)][Ky(qa) 1,(gb) + I(ga) Ki(gb)]} (41)
where g2 = (4u/c) Q(w). The autocorrelation function is given by

Cov[@ 1), D(0)] = {[PL1) — DI[P0) — B,]>
- | 1 des [¢1S ()] 27]

? The boundary condition (19) requires o < c/a.
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To go further, we have to consider some limiting cases. In the case of thin cylinder,
lgld>1and|q|a> 1, we have
 2¢kpTL - Rdf2),? 1

7, (1 + Rdj2X®)? w? + (1/79)
where L is the self-inductance, L = 4#2R?/c.¥#. The autocorrelation function is then
given by

qut(w) =

. RdJ2A2 i
Cov[D(t), DL0)] = ckzTL 0 RIDB(1 F R et/ 42)
where
7 = [(1 + Rd2A®)/(1 + Rd]2A )] 7, (43)

Above the critical temperature, the relaxation time becomes
™ = [1 + (Rd2¥)] 7,

This is the relaxation time for the magnetic flux in a normal metal cylinder. Usually,
Rdf2)? is much greater than one, and 7, can then be written in the familiar form

7, = LfcR,

where R, is resistance and L is the self-inductance.

Consider a dirty film where 7, is, say, of the order 1013 sec. Then, 1/7, is greater
than k7. However, in most realistic cases, Rd/2A? is much greater than one, and
we can find a certain range of temperature near 7, such that

[1 + (RA2®))/[1 + (RA|2AH)] 7 > 1/ksT

is valid. For example, when 1 > k;Tr, > 2X%/Rd, the temperature range where the
classical limit is valid is given by

.k, T > 1 — T/T,
In the case of solid cylinder, the spectrum of the magnetic flux simplifies to
Sow) = —(167°b] L)k T|w) Im{ly(qb)/q1y(gb)}

The peak value of Sy (w) at w = 0 is equal to

b T, A3 (B/A, b (BJA) 2
s = IS R0 - Y )

At T = T,, the peak value becomes
So(0) = kpT (167°0/ L) 7,A(bj2A)

The variation of S, (w)/S, (0) with wr, is plotted in Fig. 3 for b/ = 100, T,/T = 0.8,
0.9, and 0.98. The relation AA, = {2[1 — (T/T,)]}*/® has been used. From the line-

822/2/4-2
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w Ty

Fig. 3. Spectra of magnetic flux in a solid, superconducting cylinder.

shape of the spectrum, we notice that the relaxation time = of @; in a solid super-
conducting cylinder increases with temperature. When T/T, = 0.9, = is about an
order higher than 7, . When T/T, == 0.98, 7 is two order higher. The variation of
S5 ,0)/nS0,(0) with T/T, is plotted in Fig. 4 for b/A = 100.

Using (40), the Fourier transform of the superconducting component of the
current response is

Lo = (c/APg®){12/g%a2D(w)] — 1(To/e)

Using (12) with 4 = @, and B = I, the covariance of the superconducting compo-
nent of the current and the total magnetic flux is found to be
2 /AL AL A2

Covle. @) = [ (G-~ Fopr) ~ s

Since Cov(l,, D;) is equal to the difference between Cov(Z, @;) and Cov(l,, D,),
we obtain from (32) and (44) an expression for the covariance between the normal
component of the current and the total magnetic flux:

Cov(l,, , D) = (3N D1 — (2X*/a®D,)] cksT

] ckyT (44)
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$5{0)45g{0)

T/ Te

Fig. 4. Variation of the spectrum of magnetic
flux at zero frequency with temperature in a solid,
superconducting cylinder.

Similarly, the spectrum for magnetization is given by (11) and (36):

Su(w) = kpT(6*Z/2) Im{[1/D(w)]{1x(gb) Kx(qa) — Ix(ga) Kxgb)]} 45)
For a thin cylinder, the autocorrelation function is

R RAJ2)\2

CovIM(©), M] = ksT —— - Raw)d = RAEAD)

et (46)
where 7 is defined by (43). Equations (41) and (45), (42) and (46) are connected by (39).

APPENDIX
We can derive an expression for Q(w) at w = oo from the perturbation theory

by following very closely the arguments of Martin and Schwinger.*® From pertur-
bation theory, the current density is given by

Gy =X [ Ka v, 0) A, 1) dr dr (AD
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where the electromagnetic response kernel is defined by

K.@t; x't) = (ifc) 6( — X[, 0, jle', )]
— 8, o(r — 1) 8(t — ¢} (ne*/mc) (A2)
8(¢) is a unit step function defined by (8); » is the electron density.

As we are only interested in superconductors with localized electromagnetic
response, we can write

<[ju(r: t): jv(r,: t’)]-> = 8u.u 8(1' - l") ’7(‘ - t’) (A3)
The factor 8, is due to isotropy of the medium. Equation (A3) can be written as

<[ju(ra t), jv(rla t1)]—> = (8/31‘) i Suv 8(1‘ - l")
x | ® do {Jexp iw(t — )] o(w)jm} (A4)
where
wow) =~} [ dtfe-in(0)] (A3)
Due to conservation of charge, we have
198 —1) | _do {fexp fult — )] o)/} = eClplr, 1,6 DL (A6)
where p(r, t) is the density operator.

Applying the commutation rule to the right-hand side of (A6), we obtain the
sum rule by comparing both sides:

| 1 de [o(w)/m] = netjm (A7)

where n = (p) is the electron density of the metal. With the aid of (A4) and the
sum rule (A7), the kernel (A2) can be written as

Kot 150, ) = —8,,5(r — r’)%% 39(; —0) : i"ﬂﬂ [o(w) exp it — Y]] (AS8)

Substituting (A8) into (A1) we obtain the Fourier transform of {j(r, £)>:
Juf) = —0(w) A(r)

where Q(w) is given by
0(w) = Gwfe) | _dtle=ot0)] |~ d etof)m]
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After some straightforward computation,

do U(w)__’__a( )

w T W— @

Ow) =2 [ 22

As Im{Q(w)} is an odd function of w, it vanishes at w == co. Therefore, o(w) goes to
zero faster than «~! as w — o0. Hence, as w — o0, we have®®

lim Q(w) = lim Re{Q(w)} = | dé [o(@)/mc] = netjme
or (4nfcy Q(w0) = 1/A%, which is Eq. (16). In the derivation of lim,, ., O{w), we need
not make any distinction between superconductor and normal metal. The above

arguments also apply to thin films.
In Sections 3 and 4, we have simply denoted {j(r, 1)) by j(r, t).
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